In this article we study the very general fractional smooth Poisson Cauchy singular integral operators on the real line, regarding their convergence to the unit operator with fractional rates in the uniform norm. The related established inequalities involve the higher order moduli of smoothness of the associated right and left Caputo fractional derivatives of the engaged function. Furthermore, we produce a fractional Voronovskaya type of result giving the fractional asymptotic expansion of the basic error of our approximation.
We also mention Definition 4 ([4,5] ). Let f ∈ C m (R) , γ > 0, m = γ . The right Caputo fractional derivative of order γ > 0 is given by
∀x ≤ x 0 ∈ R fixed.
We need
We need the following right Caputo fractional Taylor formula Theorem 6 ([2] , [6] ). Let f ∈ C m (R) , m = γ , γ > 0. Then
∀x ≤ x 0 .
We further need Theorem 7 ([1] ). Let g ∈ C b (R) (continuous and bounded),
and L(x, x 0 ) = 0, for x < x 0 . Then L is jointly continuous in (x, x 0 ) ∈ R 2 .
and K (x, x 0 ) = 0, for x > x 0 . Then K (x, x 0 ) is jointly continuous from R 2 into R.
Based on Theorems 7 and 8 we get
∀w ∈ R, and the rth modulus of smoothness,
Notice again that
As a related result we mention Proposition 11 ([1] ). Let f : R 2 → R be jointly continuous.
Consider
Then G is continuous on R.
Proposition 12 ([1] ). Let f : R 2 → R be jointly continuous.
Then H is continuous on R.
From Propositions 9, 11 and 12 we derive
We make Remark 14 ([1] ). Let g be continuous and bounded from R to R. Then we know that
Therefore, for any ξ ≥ 0,
So it is not strange to assume that
In general, one may assume
Main results
We mention the numbers
that is
Also denote
where m = γ .
We mention
and
.
In the next, let ξ > 0, x,
2α . Consider the Lebesgue integral (see also [7] )
Notice that
We have
for any k > −1 and β > k+1 2α . We present 
We further give Theorem 19. All as in Theorem 18. Additionally assume that f (2ρ)
Or, by assuming (13) we get (14), that is from (28) we obtain again M r,ξ u → I (unit operator), as ξ → 0+.
Proof of Theorem 18. We use here Theorem 17. First we observe that
Therefore (see (24))
So that
Consequently we derive (see Theorem 17)
that is proving (26).
Next we present a Voronovskaya type result regarding fractional singular integral operators.
Theorem 20.
where 0 < η < γ . (Above if m = 1, 2 the sum disappears.) Proof. Since f ∈ C m (R) , m = γ , γ > 0, by (2) and (4) we obtain
∀x ≥ x 0 , here x 0 < ζ < x and
∀x < x 0 , here x < ζ < x 0 . Take f (t) = t 2 ≥ 0, r = 2, γ = 2.5, x = 0, α ∈ N, β > 1 2α . Then α 1 = −2, α 2 = 2 −2.5 .
We find 
